Background {#Sec1}
==========

It is known that the graph of a group provides a method by which a group can be visualized; in many cases it suggests an economical algebraic proof for a result and it gives same information but in a much more efficient way (Magnus et al. [@CR20]). In this view, the idea of suborbital graph has been used mainly by finite group theorists.

After it was shown that this idea is also useful in the study of the modular group which is a finitely generated Fuchsian group (Jones et al. [@CR13]), some other finitely generated groups have been studied by suborbital graphs (see Akbaş and Başkan [@CR3]; Akbaş [@CR4]; Akbaş et al. [@CR5]; Beşenk et al. [@CR6]; Deger et al. [@CR9]; Güler et al. [@CR10], [@CR11]; Kader et al. [@CR14]; Kader and Güler [@CR15]; Kesicioğlu et al. [@CR16]; Keskin [@CR17]; Kör et al. [@CR18]). In most of them, it has been emphasized the connection between elliptic elements in group and circuits of the same order in graph closely related with the signature problem.

On the other hand, interesting number theoretic results arise from suborbital graphs as follows:A shortest path in subgraphs can be expressed as a continued fraction (Jones et al. [@CR13]);A shortest path in trees of suborbital graphs is a special case of Pringsheim continued fraction (Deger et al. [@CR9]);The subgraph $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{1,2}$$\end{document}$ expansion (Sarma et al. [@CR22]);The set of vertices of some suborbital graphs is strongly connected to the Fibonacci sequence (Akbaş et al. [@CR5]).In this light, we conclude that these graphs might be worth examining when just viewed from number theory aspect. In fact, it is well-known that modular groups have been studied much in number theory.

The aim of this paper is to examine the action of the normalizer of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Gamma _0(m)$$\end{document}$ which produce some congruence equations with solutions. Actually, the suborbital graphs of the normalizer were studied for some special cases (see Güler et al. [@CR10]; Kader et al. [@CR14]; Keskin [@CR17]). In here, we take a different case that *m* will be of the form $\documentclass[12pt]{minimal}
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Preliminaries {#Sec2}
=============
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                \begin{document}$$a,b,c\ {\text{ and }} \ d$$\end{document}$ are integers. It is one of the most well-known and important discrete groups.

Arithmetic subgroups are finite index subgroups of the modular group. An arithmetic subgroup is said to be congruence if it contains the kernel of a modulo *m* homomorphism from $\documentclass[12pt]{minimal}
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Conway and Norton ([@CR8]), the normalizer *Nor*(*m*) of $\documentclass[12pt]{minimal}
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                \begin{document}$$m_{1},\ldots ,m_{r}$$\end{document}$ are the periods of the elliptic elements and *s* is the parabolic class number.
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Every element of the extended set of rationals $\documentclass[12pt]{minimal}
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**Lemma 1** {#FPar1}
-----------
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**Corollary 2** {#FPar2}
---------------
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*Proof* {#FPar3}
-------

Since *m* is taken as the aforementioned case, the result is obvious by Lemma 1.
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The following known Theorem is also proved in the same paper. We will present a different proof for the sake of completeness.

**Lemma 4** {#FPar5}
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**Lemma 5** {#FPar7}
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*Proof* {#FPar8}
-------

Lemma 3 and 4 complete the proof.

From the above we come to the following conclusion.

**Corollary 6** {#FPar9}
---------------
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-------
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**Theorem 7** {#FPar11}
-------------
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*Proof* {#FPar12}
-------

We prove only (1)-(a). The rest are done similarly. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T=\left( \begin{matrix} ae & \quad b \\ 3p^2c &\quad de\end{matrix}\right) \in Nor(3p^2)$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=1,3,p^2$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$3p^2$$\end{document}$.(i)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=1$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\genfrac(){0.0pt}0{l}{p}=\genfrac(){0.0pt}0{l}{p}$$\end{document}$.(ii)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=3$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\genfrac(){0.0pt}0{l}{p}=\left( \begin{matrix} 3a &\quad b \\ 3p^2c &\quad 3d\end{matrix}\right) \genfrac(){0.0pt}0{l}{p}=\frac{3al+bp}{3p^2cl+3dp}$$\end{document}$. Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$det\left( \begin{matrix} 3a &\quad b \\ p^2c &\quad d\end{matrix}\right) =1$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(3al+bp,p^2cl+3d)=1$$\end{document}$. So $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{3al+bp}{3p(pcl+d)}\in \left( {\begin{array}{c}x\\ 3p\end{array}}\right)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\equiv (3al+bp)(pcl+d)\pmod {p}$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$detT=3$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\equiv l\pmod {p}$$\end{document}$. Consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\genfrac(){0.0pt}0{l}{p}\cup \genfrac(){0.0pt}0{l}{3p}$$\end{document}$.(iii)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=p^2$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\genfrac(){0.0pt}0{l}{p}=\frac{apl+b}{p(3cl+dp)}\in \left( {\begin{array}{c}x\\ p\end{array}}\right)$$\end{document}$. As $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$detT=p^2$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\equiv p-l\pmod {p}$$\end{document}$. Consequently $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\genfrac(){0.0pt}0{l}{p}\cup \genfrac(){0.0pt}0{p-l}{p}$$\end{document}$.(iv)If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$e=3p^2$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T\genfrac(){0.0pt}0{l}{p}=\frac{3apl+b}{3p(cl+3dp)}\in \left( {\begin{array}{c}x\\ 3p\end{array}}\right)$$\end{document}$. So $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\equiv -l\equiv p-l\pmod {p}$$\end{document}$. (i), (ii), (iii) and (iv) complete the proof$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square$$\end{document}$

**Corollary 8** {#FPar13}
---------------
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**Theorem 12** {#FPar18}
--------------

*The blocks arising from the imprimitive action of the normalizer by above relation (3.2) have the form:*$$\documentclass[12pt]{minimal}
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Now, let us represent the edges of $\documentclass[12pt]{minimal}
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### **Definition 14** {#FPar22}

The Farey graph, denoted by F, is defined as : the vertex $\documentclass[12pt]{minimal}
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### **Lemma 15** {#FPar23}

(Jones et al. [@CR13], Corollary 4.2)*No edges ofF cross in*$\documentclass[12pt]{minimal}
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Fig. 1Farey graph

Similar result can be given by both of following useful Lemma and Theorem 13 as in (Jones et al. [@CR13]);

### **Lemma 16** {#FPar24}
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### *Proof* {#FPar25}
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### **Theorem 17** {#FPar26}
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                \begin{document}$$\mathbb {H}$$\end{document}$.

### *Proof* {#FPar27}

Without loss of generality, because of the transitive action, we can take the edges $\documentclass[12pt]{minimal}
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Results {#Sec6}
=======

**Theorem 18** {#FPar28}
--------------
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*Proof* {#FPar29}
-------

Because of the transitive action, the form of self-paired edge can be taken of $\documentclass[12pt]{minimal}
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**Theorem 19** {#FPar30}
--------------
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*Proof* {#FPar31}
-------

We suppose that it has a triangle. Because of the transitive action, it must be of the form $\documentclass[12pt]{minimal}
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**Theorem 20** {#FPar32}
--------------
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                \begin{document}$$F(\infty ,u/p^2)$$\end{document}$*has a hexagon.*

*Proof* {#FPar33}
-------

By Theorem 13, we obtain easily that$$\documentclass[12pt]{minimal}
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Fig. 2Subgraph $\documentclass[12pt]{minimal}
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**Theorem 21** {#FPar34}
--------------
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*Proof* {#FPar35}
-------

Taking into account ([3](#Equ3){ref-type=""}), we suppose that $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \infty \rightarrow \frac{u}{p^2}\rightarrow \frac{3u\mp 1}{3p^2}\rightarrow \frac{2u\mp 1}{2p^2}\rightarrow \frac{3u\mp 2}{3p^2} \rightarrow \frac{u\mp 1}{p^2}\rightarrow \infty \end{aligned}$$\end{document}$$Hence we get the element $\documentclass[12pt]{minimal}
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                \begin{document}$$\varphi :=\left( \begin{array}{cc} -3u &\quad (3u^2\mp 3u+1)/p^2 \\ -3p^2 &\quad 3u+3 \end{array} \right)$$\end{document}$.

**Lemma 22** {#FPar36}
------------

(Akbaş and Singerman [@CR1], Theorem 2) *The periods of elliptic elements of Nor(m)may be 2, 3, 4, 6. Nor(m) has at most one period of order 6. It has a period of order 6 iff*$\documentclass[12pt]{minimal}
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**Corollary 23** {#FPar37}
----------------
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*Proof* {#FPar38}
-------

Let *p* a prime number and a divisor of $\documentclass[12pt]{minimal}
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Conclusions {#Sec7}
===========

Because this work combine different fields of mathematics such as algebra, geometry, group theory and number theory, it can be seen as an example of multidisciplinary approach which offer a new understanding of some situations. We show that we can produce solutions for some number theoretic problems using finite group theory once again. Taking into account the conjecture (Güler et al. [@CR10]) which is also confirmed for the simplest hexagonal case within non-transitive cases by this paper, the normalizer has a potential to suggest solutions for other congruence equations such as $\documentclass[12pt]{minimal}
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BÖG, TK, ZŞ completed the paper together. All authors read and approved the final manuscript.

Acknowledgements {#FPar39}
================

We would like to express our sincere gratitude to Professor M. Akbaş for his immense help during the preparation of this paper. The authors are also thankful to the anonymous referees for the valuable suggestions towards the improvement of this manuscript.

Competing interests {#FPar40}
===================

The authors declare that they have no competing interests.
